The purpose of this position paper is to outline biomathematical approaches to problems in func tional imaging using PET and SPECT. By biomath ematical approaches we mean those analytic and statistical techniques involved in the extraction of useful physiological information from measured data. It is our goal to identify the general limitations of current methods and discuss possible optimized approaches for data analysis. This discussion is di vided into four sections: goals and assumptions, the extraction of concentration information from tomo graphic measurements, the estimation of kinetic pa rameters from concentration data (single or mul tiple measurements), and the direct estimation of local kinetic parameters from projection data.
GOALS AND ASSUMPTIONS
The goal of physiological PET imaging is the evaluation of physiological or functional param eters in specified anatomical regions. Parameter types may range from measures of tissue composi tion or local substrate content to local membrane transport rates, tissue pH, and rates of catabolic or biosynthetic reactions. The goal of biomathematics in PET is the development of optimal analysis methods for these estimations. The methods can be performed on a pixel-by-pixel or region-by-region basis. Because a parameter estimate is of limited use without corresponding error information, the procedures must estimate measures of parameter variability and bias as well as the parameters them selves. In our discussion of biomathematical aspects, we make several assumptions about other distinct aspects of physiological PET imaging. In particular, we assume that the tomograph is well characterized so that all the physical factors af fecting tomographic data (spatial resolution, linear and angular sampling, detector efficiency, attenua tion, calibration, among others) are known. In ad dition, we assume that the anatomy of the scanned slices is known either exactly or to within defined tolerances; i. e. , the effective three-dimensional boundaries of the regions of interest are known. Finally, we assume that the imaged radiopharmaceu tical has been thoroughly evaluated in preliminary studies, sufficient to validate the mathematical models that relate the measured local radioactivity concentrations to the physiological parameter of in terest.
ESTIMATION OF CONCENTRATION INFORMATION FROM PROJECTION DATA
Estimation of radioactivity concentration is cur rently performed in two steps. First, the image is reconstructed, typically with a filtered back-projec tion algorithm. Second, a concentration value for each region of interest is calculated directly from the image data. The pixel values produced by this algorithm are biased estimates of the true radioac tivity due to the partial volume effect, the recon struction filter, and any physical factors not elimi nated ("corrected") before reconstruction. In addi tion, the uncertainty of the estimate will not be minimized since the algorithm is not designed for noisy data. When extracting region-of-interest data from these images, various strategies have been de vised to circumvent these limitations, such as aver aging the entire region of interest to reduce noise or using the maximum pixel value as the region average in regions known to exceed the average value of the surrounding neighborhood (such as gray matter structures in glucose metabolic studies) to reduce partial volume errors. Since the filtered back-projection algorithm is currently the most computationally practical method of image recon struction, optimal methods for extraction of region of-interest data from these images must be devel oped. Factors of spatial resolution, object size, ob ject background, reconstruction filter, and counting statistics should be considered. In this manner, when data are extracted from filtered back-projec tion images, an optimal estimate with well-charac terized bias and variability can be obtained.
It is important to note that the average concen tration in an anatomically predefined region of in terest can be estimated directly from the projection data without reconstruction of the entire image, simply by reversing the order of pixel summation and filtered back-projection (Huesman, 1984) . This approach offers a considerable saving in computa tion time and provides statistical information not available using the full reconstruction approach. However, the estimates themselves are the same as would be provided by standard techniques, and thus suffer the same estimation biases.
E-M algorithms (Lange and Carson, 1984; Shepp and Vardi, 1984) offer substantial advantages over filtered back-projection. Based on iterative maxi mization of the likelihood that the model estimation of the radioactivity concentration accounts for the measured projection data, they allow incorporation of all of the physical and statistical factors affecting the measurements directly into the algorithm. In emission tomography, which typically generates count-limited data, optimal statistical use of the data is crucial. These maximum likelihood ap proaches have demonstrated improved quantitation and reduced noise, but significant research is still required to optimize their use. Unfortunately, the significant computational load of iterative recon struction algorithms has limited the practical appli cation of these methods. However, projected ad vances in computer power should soon make these methods readily available and practical.
The maximum likelihood approaches are particu larly amenable to the estimation of regional con centration information directly by redefining the pixels to correspond to known anatomical regions (instead of being small and square). Just as in the filtered back-projection case mentioned above, such direct region-of-interest evaluation can be performed many times faster than entire image re construction. Furthermore, the evaluations con verge faster because of the added constraints and can directly estimate the standard error and corre lation of the region-of-interest estimates (Carson et aI. , 1986) .
ESTIMATION OF PHYSIOLOGICAL PARAMETERS FROM CONCENTRATION MEASUREMENTS
The evaluation of any parameter in a specified region must be made on the basis of the radioac tivity concentration in the region as it evolves throughout the imaging protocol. The time course of radioactivity concentration in blood and param eters derived from other studies may also be in volved. Each of these data types should be inter preted in its most general sense: The radioactivity concentration may in fact be unchanging in time;
J Cereb Blood Flow Metab, Vol. 7, No.2, 1987 the blood radioactivity can be subdivided into blood component concentrations, chemical species, or both; the other parameters can be derived from another PET study in the same subject (e. g. , the blood flow value required for the evaluation of ox ygen metabolic rate) or can be the average of values from homologous regions in a large number of other subjects (e. g. , the population average kinetic pa rameters used in single-scan glucose metabolic rate studies). The total available information provides the input data for the mathematical models from which the physiological parameters of interest can be derived.
The dependence of the measured concentration data on the model parameters is nonlinear in gen eral. Just as in the concentration estimation methods above, parameters can be estimated by iterative adjustments of their values until a pre scribed degree of correspondence between data and model predictions is reached, The particular choice of adjustment technique depends primarily on the nature of statistical distributions of the measured data about their means. Information available in the form of prior confidences can be incorporated into the parameter estimation procedure using Bayesian approaches (Wilson et al. , 1984) ; the parameter es timations then attempt to optimally satisfy the prior statistical information and the current data set si multaneously.
A critically important consequence of nonlinear dependence on model parameters is the failure of spatial averaging. Averaging of concentration over a kinetically heterogeneous region, followed by pa rameter optimization, gives results that are dif ferent in general from the proper average obtained by parameter optimization in each kinetically ho mogeneous subregion, followed by averaging of the parameter values. In the event of kinetic heteroge neity, the fitted regions should be small to attain the most homogeneous region possible. Most, if not all, of the physiological parameters of current interest can be reliably determined on a pixel-by-pixel basis, Of course, certain heterogeneities in the brain would require truly microscopic resolution to avoid, and they must be accommodated as well as possible in the interpretation of the model param eters. Finally, we point out that the methods of di rect estimation of whole-region concentration de scribed in the previous section require a careful as sessment of the region's kinetic mixture and its consequences in the modeling procedure.
Because the acquisition and storage of multiple scan studies can be cumbersome and because con ventional nonlinear optimization methods are time consuming, approaches to physiological PET have been developed that attempt to code the desired physiological information into a single scan, often with the assumption of a simple algebraic relation ship between the local radioactivity concentration and some physiological parameter. The conve nience and speed of the methods have been re garded by many to offset problems inherent in the methods. However, the radioactivity distribution invariably depends on more than one independent physiological parameter; the extra effort involved to perform multiple-scan studies and nonlinear pa rameter estimation to evaluate all the significant pa rameters simultaneously may be warranted. It is clearly appropriate to review the relative costs and benefits of simplified versus multiple-scan methods as scanning and computer hardware advance and as rapid nonlinear parameter estimation techniques are introduced (Koeppe et al., 1985) .
A further advantage of such methods relative to many current simplified approaches is the appro priate use of all the available data. In multiple-scan, nonlinear optimization methods, projection data from all phases of the study are useful for determi nation of parameter values. Optimal information is thus obtained for a given radiation dose to the sub ject.
DIRECT ESTIMATION OF LOCAL PHYSIOLOGICAL PARAMETERS FROM PROJECTION DATA
Given the collection of multiple scans over time, it is possible to combine the techniques described in the previous two sections to directly estimate local kinetic parameters for pixels or anatomically defined regions of interest directly from the projec tion data (Snyder, 1984; Carson and Lange, 1985) . The advantage of combining these two steps is that complete statistical information can be used for both steps and the time-dependent constraints can improve the convergences of the iterative algo rithms. However, the computational task is at least an order of magnitude bigger than that of image re construction since it involves data taken over time and space. Again, if the approach is restricted to anatomically defined regions of interest, it becomes more practicable.
SUMMARY
Current PET and SPECT methodologies have been significantly limited by data analysis tech niques. Substantial effort is required to optimize the use of current methods to improve data accu racy and precision. Estimation methods such as maximum likelihood can provide a statistically op timal method of extraction of local radioactivity concentration estimates and their errors. The same approaches are also statistically optimal for the es timation of physiological parameters, whether from the derived concentration values or directly from the projection data. Finally, as hardware and com putational techniques improve, the use of more complete, less approximate models and multiple scan data sets may avoid the estimation biases seen in many current simplified protocols.
